Let D be a bounded domain with smooth boundary, 019, in the complex plane C. Various authors ([1] , [2] , [3] ) have used a representation of the Green's function g (z, w, t) for the heat equation
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and D in terms of the so-called elementary solution
p (z, t) = ~ exp of (l), amounting to the following: Take At=2-" with n large. Then, if t>0 is an integral multiple of At, say t=(k+l) and z, wED, g(z, w, t 
(Here, and in all that follows, we write (~=~+i~/l and similarly ~=~+ir/, z=x+iy, and w=u+iv.)
This representation for g(z, w, t) has a simple physical explanation in terms of diffusion ([1], p. 13) and can be established rigorously with the help of Brownian motion theory ([2] , p. 238 --although [4] does not give the representation explicitly, it is also worth consulting in this connection). One must know considerable probability theory in order to follow such a rigorous derivation. The formula has, however, such a strong intuitive appeal that one feels it must have a simple direct proof. Such a proof, based essentially on the property of upper semi-continuity, is given here.
I learned about the product integral representation in a lecture given by Serge Dubuc at McGill University in the fall of 1976. He and Gilles Deslauriers used it in deriving some convexity properties for solutions of (1). Later on C. Borell who had also done similar work, pointed out to me that this application had already been made by Brascamp & Lieb in [3] . I am thankful to Mr Borell, and to H. McKean as well, for having provided me with references and told me something about the history of this material.
After I had submitted the MS of this paper, E. Calabi told me about Yamabe's earlier non-probabilistic proof [5] of a more elaborate version of the product integral representation. Yamabe's argument is different from the one given below, and is more difficult technically. w 1. The following treatment applies to fi =V2u in R" (after one adjusts, of course, (2) for n spatial dimensions), but we present it for the case n =2 in order to preserve the essential difficulties while keeping the notation as simple as possible.
We take, then, a bounded domain D in C. In what follows, we assume that OD fulfills at each of its points the Poincard cone condition, i.e. if zoEOD there is a sector S with vertex at Zo and a disk A centered at Zo such that A n D and S do not overlap (save at Zo).
It is easier to write the product integral approximations to g (z, w, t) in piecewise fashion:
Definition. If n=l, 2, 3, ..., t>0, wED and zEC(sic!), put
We are to prove that, for zED, wED, and t>O, g,(z, w, t) tends, as n-*~, to a function g (z, w, t) having the following properties:
w, t) is non-negative and measurable on DXDX(O, ~). For each wED the function u(z, t)=g(z, w, t) is C ~ on DX(O, ~) and satisfies (1) there.
(ii) For each wED, g(z, w, t) Taken together, (i), (ii) and (iii) amount to a description of g(z, w, t) as the Green's function of ~=VZu for the domain D.
Lemma 1. Each function gn (z, w, t) is >=0 and continuous on DXDX(0, oo). For fixed t>0 and wED it is continuous in z on C. For fixed wED it is upper semicontinuous in (z, t) on DX(0, co), i.e., if z0ED and t0>0, (5) lim sup g,(z, w, t) <_-gn(z0, w, to).
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